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TWIST TRIVIALITY OF CANONICAL SEIFERT 

SURFACES 

MICHAEL PFEUTI 


Abstract. We generalize the idea of unknotting knots to Seifert 
surfaces. We define an operation called ribbon twist which serves 
as the equivalent of a crossing change for knots. A Seifert surface is 
considered untwisted, the equivalent to unknotted, if it is isotopic 
to a standardly embedded n-fold punctured torus. A Seifert surface 
is said to be twist trivial if it can be untwisted by ribbon twists. 
We show that canonical Seifert surfaces are twist trivial. 


1. Introduction 


A prevalent method for studying a link L is to analyze its Seifert 
surfaces, i.e. compact, connected, orientable surfaces S that have the 
link as their boundaries cIS = L. The well known fact that every link 
has a Seifert surface was shown by Seifert in |Sei35] by presenting the 
Seifert algorithm. A canonical Seifert surface is a Seifert surface that 
can be obtained by the Seifert algorithm. 

It is true that every link L can be unknotted by u{L) crossing changes 
(Chapter 3.1 in |Ada94] ) but how does a crossing change of L affect a 
Seifert surface S of this link? To understand how the surface changes, 
it suffices to look at the effect of a crossing change locally. A crossing 
change involves two strands. Now, there are two cases. In the first 
case, the surface forms a ribbon between the two strands. This ribbon 
features a half twist caused by the crossing of the two strands (Figure 
la). The effect of a crossing change on the surface is a full twist such 
that the half twist twists in the opposite direction (Figure [T^. Notice 
that the resulting surface is still a Seifert surface. In the second case, 
the surface in the vicinity of the crossing is disconnected. Therefore, 
there are two surface patches, one for each strand (Figure [Tc)). Here, a 
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crossing change causes the surface patches to be swapped. In general, 
this causes the surface to be self-intersecting and the resulting surface 
ceases to be a Seifert surface (Figure [Td]). 

As the latter of the two cases does not lead to a Seifert surface, we 
want to exclude such crossing changes. Therefore, we generalize the 
crossing changes of the first case by allowing an operation of inserting 
full twists into any ribbon. 

Definition 1. A ribbon twist is a cut and glue operation on a Seifert 
surface S. Let / = </ 9 ([ 0 ,1]) be an embedded interval such that 92 ( 0 ), 
</ 9 (l) e dT, and V3((0, 1)) G S \ dE (Figure [2a]). Cut along I, insert a 
full twist on one side (Figure [lb) ) and glue both sides back together 
along / (Figure [ 2 c|). 



(a) (b) (c) 


Figure 2 

Based on ribbon twists, we can dehne an equivalence relation for 
Seifert surfaces. 

Definition 2. Let Si and S 2 be two Seifert surfaces. The surfaces 
Si and S 2 are called twist equivalent if 3/?i ,... ,Rn ribbon twists such 
that Rn o ... o i/i(Si) is isotopic to S 2 . 

Now, we pose the question if a link along with its Seifert surface 
can be unknotted by isotopies and ribbon twists. Foremost, we would 
like to know if the link can be unknotted with isotopies and ribbon 
twists such that the resulting surface is a standard n-fold punctured 
torus. Notice, it suffice to consider if the surface can be transformed 
into a standard n-fold punctured torus since the associated link is au¬ 
tomatically unknotted in the process. We focus on the standard n-fold 
punctured torus because this surface is in a sense unknotted. 



Figure 3 
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Definition 3. A Seifert surface is called twist trivial if it is twist equiva¬ 
lent to a standardly embedded n-fold punctured torus, i.e. a subsurface 
of the boundary of an unknotted handlebody in (Figure [^. 

The first result is a necessary condition for a Seifert surface to be 
twist trivial. 

Proposition 1 . If a Seifert surface S is twist trivial then 7ri(M^ \ S) 
is a free group. 

The main result of this article is the fact that any canonical Seifert 
surface of any link is twist trivial. 

Theorem 1. If H is a canonical Seifert surface then S is twist trivial. 

This theorem provides a large class of Seifert surfaces which are twist 
trivial. However, we do not yet know if this class can be enlarged. For 
instance, are all fiber surfaces f |Sta781 IRol76] ) twist trivial? Baader 
and Dehornoy answered this question partially. They showed that fiber 
surfaces of positive braid knots are twist trivial f |BD13j ). Yet, the 
most general question to ask is if the necessary condition shown in 
Proposition is also a sufficient condition. In other words, is every 
Seifert surface with a free fundamental group of its complement twist 
trivial? We do not yet know the answer. 

Furthermore, we define in analogy to the unknotting number of links 
the untwisting number of twist trivial surfaces. 

Definition 4. Let E be a twist trivial surface. The untwisting number 
of E is Mf(E) the minimal number of ribbon twists required to untwist 
the surface, that is 

Mt(E) = min{n G o ■ ■ • o i?i(E) isotopic to Ei} 

where Ri ,... are ribbon twists and Ei the standard n-fold punc¬ 
tured torus. 

As a corollary of Theorem [T] we obtain an upper bound for the un¬ 
twisting number of canonical Seifert surfaces. 

Corollary 1. Let E = {Di, ..., Bi, ..., Bm] Yi, • ■ ■, Yo} a canon¬ 
ical Seifert surface. Then, 

m—1 

utiTi) < 6 ■ i. 

i=l 
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2. Seifert Surfaces 


The fundamental fact that every link has a Seifert surface was proven 
by Seifert in 1935 f jSei35j h He presented an algorithm, now known as 
the Seifert algorithm, which allows the construction of a Seifert surface 
for any link. It laid the foundation for numerous methods for studying 
knots. For instance, a Seifert surface is required to dehne the associated 
Seifert matrix, which is then required for the dehnition of important 
knot invariants such as the knot signature or the Alexander polynomial 
( |Ale28[ IMur651 ICroOdj ). 


The Seifert algorithm produces a set of disjoint closed curves. These 
curves are known as Seifert circles. We distinguish two types of Seifert 
circles like |Kau871 lAalldj . A type I Seifert circle does not enclose 
nor is it enclosed in any other Seifert circle. A type II Seifert circle 
does enclose or is enclosed in at least one other Seifert circle. The 
Seifert circles are then the basis for a set of discs. These discs are 
bounded by Seifert circles and called Seifert discs. Likewise, if the 
Seifert disc is bounded by a type I Seifert circle (respectively type II) 
we call it type I Seifert disc (respectively type II). The Seifert discs are 
connected by half twisted bands to produce the Seifert surface. Such 
a half twisted band is called positive (respectively negative) if it was 
obtained from a positive (respectively negative) crossing. A canonical 
Seifert surface is constructed from Seifert discs, half twisted bands and 
unknotted tubes. So, we usually interpret a canonical Seifert surface 
S as a set of Seifert disc {Di,... ,Dn}, a set of half twisted bands 
{Bi,..., Bm} and a set of unknotted tubes {Ti,...,To}. We write 
S = {Di, ..., Dn] Bi, ..., Bm', Ti,..., To} for a canonical Seifert sur¬ 
face S. The number of half twisted bands attached to a Seifert disc Di 
is called the degree of Di and is denoted as deg{Di). We write B{Di) 
for the set of half twisted bands attached to disc Di. If the unknotted 
tubes {Ti,..., To} are removed from a canonical Seifert surface we are 
left with 0-1-1 connected components. We refer to such a connected 
component simply as a component of the canonical Seifert surface. In 
the following we derive certain results which are only true for individ¬ 
ual components of a canonical Seifert surface. In this case we write 
S = {Di,..., Dn] Hi,..., Bm] —which indicates that there are no 
unknotted tubes and therefore the surface consists of only one compo¬ 
nent. Lastly, two half twisted bands Bi are called adjacent if B^ 
and Bi connect the same Seifert discs, Bk,Bi G B{Di) fl B{Dj), and 
there does not exist any band between Bk and Bi (Figure 4a). Figure 
4b| shows an example of non-adjacent bands. 
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Figure 4 


An important observation we can make from the Seifert algorithm 
is that if there are no type II Seifert circles the resulting canonical 
Seifert surface is almost planar. This means that the surface can be 
embedded in a plane except for the crossing regions in the half twisted 
bands and the unknotted tubes. In the following we will make use of 
this observation several times. Therefore, it is beneficial to us to have 
type II free canonical Seifert surfaces. Kauffman showed in Proposition 
7.3 in |Kau87] that a link diagram with type II Seifert circles can be rid 
of all type II Seifert circles by adding one additional link component 
per type II Seifert circle. Hirasawa improved this result by showing 
that the type II Seifert circles of a link L can be removed by an isotopy 
instead of adding link components. Moreover, the canonical Seifert 
surface of L, obtained from a given projection, is also deformed by the 
isotopy applied to L. The resulting Seifert surface remains canonical 
for the isotoped link with respect to the same projection. Aaltonen 
republished Hirasawa’s result in 2014. 

Theorem 2 ( |Aall41lHir95j ). Let T, be a canonical Seifert surface with 
type II Seifert discs. Then, S is isotopic to a type II free canonical 
Seifert surface S'. 


Proof. We present the proof from |Aall4] in a less technical form than 
the proof in the publication but the idea is the same. The proof is 
an induction over the number of type II Seifert discs. It suffices to 
show that any type II Seifert disc can be removed by an isotopy. The 
description of the following isotopies is with respect to the projection 
from which S was obtained. Yet, the isotopies are executed in 

Let Di be a type II Seifert disc. The bands in B{Di) which connect to 
discs inside Di with respect to the projection are called inward bands. 
Outward bands are the ones which connect to discs outside D^. Choose 
an interval I on dDi such that it does not intersect with any band in 
B{Di). Drag the interval I into the interior of Di such that I traces 
along dDi\I so closely that the dragged interval does not intersect with 
any interior disc in the projection (Figure [5a| and 5b). Now, for every 
inward band Bj drag an interval J G I below Bj to the exterior of 
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Figure 5 


Di. The dragging is performed around Bj (1 Di in a rotational motion 
and in the direction that J never intersects with Bj (Figure 5c and 


5d). This gives rise to two new bands and two new Seifert discs. After 


applying such an isotopy for all inward bands in B{Di) the disc Di itself 
is replaced with type I Seifert discs and half twisted bands. Notice that 
no special treatment is necessary for outward bands and that the new 
discs are the Seifert discs of the isotoped link. 

In conclusion, stretching the interval I into except for inward 
bands where the interval is outside of Di removes the type II Seifert 
disc Di at the cost of adding two new bands and two new type I Seifert 
discs for every inward band. Furthermore, the resulting Seifert surface 
is still canonical with respect to the same projection. 

Figure illustrates the algorithm with an example type II Seifert 
disc containing only one other Seifert disc. □ 



Figure 6 
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3. Seifert Graphs 


We already mentioned that the Seifert surface is the basis for many 
important concepts in knot theory. A further concept based on the 
Seifert surface is the representation of a canonical Seifert surface as a 
graph. We saw that the Seifert algorithm produces a set of disjoint 
discs that are eventually connected by half twisted bands and possibly 
unknotted tubes. For every component of a canonical Seifert surface 
we can construct a planar graph from the discs and their connecting 
half twisted bands. This graph representation is helpful because we 
can apply well known results from graph theory to gain information 
about the surface. 


Definition 5. Let S = {Di,..., i?i,..., 5^; —} be a canonical 
Seifert surface. Then, the Seifert graph of S is the graph (1/, E) where 
V = {Di, ..., Dn} is the set of vertices and E = {Bi, ..., Bm} the set 
of edges. 

The Seifert graph of a canonical Seifert surface has several useful 
properties which allow us to proof Lemma Lemma plays an essen¬ 
tial role in the proof of Theorem 

Lemma 1 ( jCroOdl IMur96] ). A Seifert graph is planar, bipartite and 
has no loops. 

Lemma 2. Let n > 1 and S = {Di,..., Dn, Bi,..., B^',—} be a 
canonical Seifert surface without type II Seifert discs. Then, either 

Z G {1,..., m} such that Bk, Bi are adjacent 


or 

G {1,..., n} such that deg{Di) = 1,2 or 3. 

Proof. Assume to the contrary that the type II free canonical Seifert 
surface has no adjacent bands and every Seifert disc has degree at least 
four. 

From Lemma we know that the Seifert graph is planar, bipartite 
and has no loops. As the graph is planar it can be embedded in the 
sphere S'^. Such an embedding divides 3“^ into a finite number of faces. 
Let V be the number of vertices, E the number of edges and E the 
number of faces. It is a well known fact for the Euler characteristic 
(Theorem 5.A.1 in |Rol76] ) that 

x{S^) = V -E + E = 2. (1) 

In the following we require that the faces stem from the Seifert graph 
diagram which is directly induced by the canonical Seifert surface. Fur¬ 
thermore, it is essential to have a canonical Seifert surface without type 
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II Seifert discs. The reason is that without type II Seifert discs, the 
surface can be reconstructed from the vertices, edges and faces. Each 
vertex gives rise to a Seifert disc and each edge to a half twisted band 
(the sign is not important here). Note that this is not possible for type 
II discs because we lose the information about how the type II discs are 
connected by the half twisted bands. So, by showing that the directly 
induced Seifert graph diagram leads to a contradiction we can conclude 
that such a canonical Seifert surface could not have existed. 

Continuing with the proof, from the fact that there are no loops 
in the Seifert graph we conclude that every face has more than one 
edge. The assumption that there are no adjacent bands is equivalent 
with the property that every face is bounded by more than two edges. 
Furthermore, every face is bounded by an even number of edges because 
otherwise there would be a circuit of uneven length, which would violate 
the bipartiteness of the graph. In conclusion, every face is bounded by 
at least four edges. From these observations it follows that 

F 

4F < E dUi) = 2 E (2) 

i=l 

where {/i,..., fp} is an enumeration of all faces and d{fi) is the number 
of edges bounding face ft. The reason why the sum equals twice the 
edge count is the following. Each edge belongs to the boundary of two 
faces. Therefore, by summing over all faces each edge is counted twice. 

From ^ and ([^ follows 

E < 2 V - A . (3) 

Because every Seifert disc is of degree at least four, every vertex has 
degree at least four. Therefore, 

v 

4F<^d(ni) = 2F (4) 

i=l 

where {vi,... ,nv} is an enumeration of all vertices and d{vi) is the 
degree of vertex Vi. The reason why the sum equals twice the edge count 
is that each edge is incident to two vertices. Therefore, by summing 
over all vertices each edge is counted twice. 

The inequalities ([^ and (|^ yield the contradiction 

E < 2 V - A<E - A . □ 

4. Twist Equivalence and Twist Triviality 

It is a fact that not every Seifert surface is twist trivial. A neces¬ 
sary condition can be found by studying the fundamental group of the 
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surface complement. Notice that applying a ribbon twist preserves the 
fundamental group of the surface complement. Therefore, if two sur¬ 
faces El, E 2 are twist equivalent then the fundamental groups of their 
surface complements are isomorphic, 7ri(M^ \ Si) ~ 7ri(M^ \ ^ 2 )- 

Proof of Proposition Let S' be the standard n-fold torus with m 
holes to which S is twist equivalent. From the fact that neither a rib¬ 
bon twist nor an isotopy changes the fundamental group 7ri(M^ \ S) it 
follows that 7ri(M^\S) ~ 7ri(M^\S'). The Seifert-van Kampen theorem 
(70 in jMunOn] or 1.2 in jHatOlj l implies that 7ri(]R^ \ S') ~ F 2 n+m-i, 
the free group of 2n -|- m — 1 generators. □ 

From this necessary condition it is straightforward to construct a 
surface that cannot be twist trivial. Many satellite knots and links 
( ICroOd] or |Ada94j ) serve as counterexamples. For instance, take L = 
Li U L 2 to be the cable link of the trivial two component link with the 
trefoil knot as its companion (Figure [^. A possible, Seifert surface S is 
shown in Figure Clearly, the fundamental group of its complement 
7ri(]R^ \ S) is isomorphic to the knot group of the trefoil knot, which 
is known to be non-free (Chapter 3 Section B in |Rol76] L Thus, the 
surface S cannot be a canonical Seifert surface f |Kaw96j l nor can it be 
twist trivial. This is also intuitively obvious for this example because 
a ribbon twist can only add full twists to the band. However, this will 
obviously never unknot the surface and so it cannot be twist trivial. 



Baader and Dehornoy showed that a canonical Seifert surface of a 
positive braid knot is twist trivial f |BD13j L This implies that a canon¬ 
ical Seifert surface of any braid knot is twist trivial. The reason is 
that a negative crossing can be changed into a positive crossing by a 
single ribbon twist. Therefore, we hrst make the braid knot positive by 
ribbon twists. Then, by Baader and Dehornoy’s result we know that 
the braid knot is twist trivial. We generalize this result in Theorem 
to canonical Seifert surfaces of any link. The remainder of this section 
is concerned with the proof of Theorem and for that we need the 
following lemma. 
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Lemma 3. Let T, be a Seifert surface, H : [0,1] x —)■ an ambient 
isotopy and R a ribbon twist on E. Then, there exists a ribbon twist R! 
on H{1, E) such that 

i/(l,i?(E)) = i?'(if(l,E)). 

Proof. The ribbon twist i? is a local cut and glue operation along an 
interval / C E. The interval I is deformed along with the surface E 
by the isotopy H. So, applying a ribbon twist R! to H{1, E) along the 
interval is the same as applying the ribbon twist R along I 

before the isotopy and then applying the isotopy H (Figure [^. □ 



^ 

/f(l,E)4 O \fH{l,R{T)) 



The previous lemma helps us to show that two surfaces E, E' are 
twist equivalent. Now, we can make use of isotopies and ribbon twists 
in any order. After we found a sequence of isotopies and ribbon twists 
which maps E to E' we can apply the lemma to reorder the sequence 
such that all ribbon twists are applied hrst. The resulting surface of 
the ribbon twists is isotopic to E' by the remaining isotopies of the 
sequence. Hence, E and E' are twist equivalent. 

The fact that we can deform surfaces by isotopies between ribbon 
twists to show twist equivalence leads to a procedure we call non¬ 
entangling band sliding. Let E = {Di ,..., Dn, Bi ,..., —} be a 

type II free canonical Seifert surface. As observed earlier, E is almost 
planar. Hence, it is possible to slide one end of a band G E along 
cIE such that it does not entangle with any other bands. While sliding 
the end of Bi along the boundary, we can either keep the band above 
or below the plane in which we can embed E. We might need to apply 
ribbon twists to the bands over which the end is slid. In the example 
in Figure if the Di-end of Bi is slid along the dashed arrow to Di 
then Bi would entangle around Dj. because Bj has an unsuitable sign. 
Applying a ribbon twist to change the sign of Bj produces a path 
along the dashed arrow which keeps Bi on top of all discs. Hence, 
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Figure 9 


non-entangling band sliding is possible. This procedure consists of 
successive ribbon twists and isotopies. By Lemma the surface after 
the non-entangling band sliding is twist equivalent to S . 

Proof of Theorem The proof strategy is an induction over the num¬ 
ber of half twisted bands. In the process of removing bands, the Seifert 
discs may become punctured or receive handles. These holes and han¬ 
dles can be considered infinitesimally small during the iteration steps. 
Therefore, they do not interact with any successive band removal. 

The canonical Seifert surface may consist of N components which are 
connected by iV — 1 unknotted tubes. By interpreting each component 
as a vertex and each tube as an edge, the components and unknotted 
tubes form a graph. In particular, they do not form any circuit. This 
implies that the graph is a tree. Due to band removals, the canonical 
Seifert surface may split into new components. We assure that a new 
component is connected to the previous components by one unknotted 
tube. This implies that there are N unknotted tubes connecting -|- 1 
components, which means that the induced graph remains a tree. 

The tree structure of the components and the unknotted tubes im¬ 
plies that we may consider all unknotted tubes and all but one compo¬ 
nents to be inhnitesimally small during the iteration steps. Therefore, 
while removing bands from one component, all other components and 
unknotted tubes are infinitesimally small and do not interact with the 
band removal on this component. 

Before removing any bands, remove all type II Seifert discs ac¬ 
cording to Theorem We obtain a canonical Seifert surface S' = 
{Di,..., Dn, Bi,..., Bm] Di,..., To] where Di,..., are of type I. 
The surfaces S and S' are isotopic and therefore twist equivalent. The 
induction is now carried out on the type II free canonical Seifert surface 
S'. 

Base case: Let S' = {Di,..., ; Ti,..., T„_i} where the discs 
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{Di,..., Dn\ are the components connected by {Ti,..., Every 

hole and handle can be moved to disc Di over the connecting tubes by 
an isotopy. As already mentioned, the induced graph of the compo¬ 
nents and unknotted tubes is a tree without multi-edges. In particular, 
Di can be interpreted as the root of the tree. Successively, the tree can 
be reduced from the leaves. A leaf is a disc with only one connecting 
tube. By retracting the tube, the leaf disc becomes a hole in its neigh¬ 
boring disc (Figure 10). This new hole can again be moved to Di. 
Repeating these steps leads to a single disc with holes and handles. 
Thus, S' is twist trivial. 





Inductive step: Let S' = {Hi,..., Hi,..., Ti, • • •, To}- There 
must be at least one component which consists of at least two Seifert 
discs and at least one half twisted band. As mentioned, we consider 
all other components and unknotted tubes to be inhnitesimally small. 
This allows the application of Lemmato this component. Therefore, 
at least one of the following cases occurs. 

Case 1: 3fc, / G (1,..., m} such that Hfc, Bi are adjacent. 

If two half twisted bands are adjacent then they connect the same discs 
Di,Dj G S' and there does not exist any other band between B^^Bi. 
If the signs of the adjacent bands Bi are the same then the sign of 
Hfc or Bi can be changed by a ribbon twist. This results in B^ and Bi 
having different signs. Subsequently, Bk and Bi can be removed by an 
isotopy, which is in this case a Reidemeister II move (Figure [ITa ). This 
results in an unknotted tube T which connects Di,Dj (Figure 11b). 


Next, there are two cases. First case, the new tube T is the only con¬ 
nection between otherwise disconnected components. This is the case 
where one new component arises. Notice that this new component is 



Figure 11 
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connected only via T. Hence, {Di,..., Dn, Hi,, Bm] Ti,..., To, T} \ 
{Hfc, H;} is the resulting surface with now o + 2 components. 

The second case is when the current component is still connected 
even without the tube T. This means that there exists a path along 
the remaining half twisted bands in the component such that one end of 
the tube T can be moved to its other end. Now, our goal is to show that 
we can even move one end of T to its other end without entanglement. 
For this, consider the Seifert surface and its Seifert graph prior to 
the Reidemeister II move (Figure 12a). The bands induce two 

edges ei^Ck in the Seifert graph. The edges ei^Ck bound a face fki 
because Bi, Bk are adjacent. Additionally, each ei and belong to the 
boundary of further two faces fi, fk- Note that fi ^ fk because the 
current component is connected even without T and so even without 
Bi,Bk (Figure [l2bl). Now, consider the boundary dfi or dfk- Without 





(c) 


(d) 


Figure 12 
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loss of generality we continue with dfk- There exist half twisted bands 
which induce the path dfk \ Ck- These half twisted bands form a path 
from Di to Dj in the current component and are the reason why the 
component is still connected even without T. In other words, these 
bands form a path from one end of the tube to its other end. Since 
we found this path through the boundary of the face fk, the tube T 
and these bands bound an area which does not contain any other disc, 
tube or band (shaded area in Figure 12c). We can ensure by ribbon 
twists that the half twisted bands form a path with alternating signs 
such that one end of the tube T can be moved to its other end without 
entanglement. The result is a handle on one of the discs Di, Dj (Figure 


12d). 


Case 2: G {1,..., n} such that deg{Di) = 1 

The disc D^ along with the attached half twisted band can be merged 
into the neighboring disc by an isotopy. 

Case 3: G {1,..., n} such that deg{Di) = 2 

Let B{Di) = {Bk,Bi} be the two attached bands. In this case there 
are two subcases. The first case is when both bands are connected to 
the same disc Dk- It might be that Dk has a group G of bands and 
discs between Bk, Bi making Bk, Bi non-adjacent. However, G can be 
slid away over Bk or Bi such that Bk, Bi become adjacent (Figure [I^. 
Then the adjacent bands can be removed as in case 1. 



The second case is when Bk, Bi connect to two different discs Dk,Di. 
By a ribbon twist we can assure that Bk, Bi have different signs. After 
a rotation of Di, it is possible to merge Di, Dk, Di, Bk, Bi by an isotopy 
into one disc (Figure [I^. 

Case 4: 3i G {1,..., n} such that deg{Di) = 3 



Figure 14 
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Let B{Di) = {Bk, Bi, Bm} be the three attached bands. In this case 
there are three subcases. The hrst case is where Bk,Bi,Bm are con¬ 
nected to the same disc. So the situation is analog to the hrst subcase 
of case 3 except that there is one additional band. However, this does 
not prevent us from removing a pair of bands in the same way as in 
case 3. Therefore, if a pair of bands is adjacent they can be removed. 
If both pairs are non adjacent either one of them can be made adjacent 
as in case 3 by sliding away the group of bands and discs making the 
pair non-adjacent (Figure [T^. 

The second case is when the Bk,Bi, Bm are connected to two different 
discs Dk, Di. Without loss of generality let Bk be connected to Dk and 
Bi,Bm to Di. If Bi,Bm are adjacent then we can follow case 1. If 
Bi, Bm are non-adjacent due to a group of bands and discs which are 
only attached to either Di or Di (but not both) we can slide the group 
away as in case 3. If Bi,Bm are non-adjacent due to a group G of 
bands and discs which are attached to both and Di we can exploit 
that G is attached to only via B^ (Figure [I^ . Consider G to be a 
rigid plane except for Bk. First, slide G over Bi. Then apply a ribbon 
twist to Bi in order to avoid entanglement in the next slide (Figure 
15b). Then slide the Dj-end of Bk over Bi. After the sliding, Bk might 


be twisted one and a half times but by a ribbon twist we obtain a half 
twisted band. Eventually, Bi,Bm become a pair of adjacent bands, 
which can be removed as in case 1 (Figure [l5c[). 



Figure 15 
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The third case is when Bk, Bi, Bm are connected to three different 
discs Dk, Di, Dm- In order to determine how to reduce the number 
of half twisted bands, slide the Dk-end of Bk along the boundary in 
the same direction until the end of the band reaches one of the three 
positions a),/3) or 7 ) as shown in Figure 16a The reason that exactly 
one of a),/?), 7 ) is reached is that we can continue sliding the end of 
Bk until the other end of Bk blocks the path. In other words, position 
/3) or 7 ) is reached. If neither (3) nor 7 ) is reached, we can continue 



Figure 16 
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sliding forever. This can only happen if we reach the point where we 
started. So, in this case position a) is reached. 

If a) is reached then there is a path from the Dj-end of Bi to a) 
So, by crossing Bk a second time there is even a path 
By applying ribbon twists and isotopies, the Dj-end 


(Figure 16c). 
from (3) to 7 ). 


of Bi can be slid to position 7 ) without entanglement (Figure 16d). 
Now Bi is again attached to Di but to the opposite side of its starting 
position (Figure 16e). The band Bi might have several full twists (at 
most as many as the number of crossings Bi crossed) but these can 
be removed by ribbon twists. With at most two ribbon twists we can 
change the crossing signs of Bk, Bm such that the entire disc Di can 
be rotated into a convenient position (Figure [l 6 f[ ). From this position 
Bk, Bi, Bm and Di, Dk, Di, Dm can be merged into one disc. 

If (3) or 7 ) is reached then the Dk-end of Bk can be slid to (3) or 7 ) 
without entanglement. This results in one additional hole in Di (Figure 

T^. □ 


5. Untwisting Number 

The untwisting number of a surface is invariant under isotopy. This 
follows directly from Lemma Just like the unknotting number, the 
untwisting number is very difficult to compute ( |Ble841 IWen37] ). Nev¬ 
ertheless, a lower bound can be given by the unknotting number. 

Remark. Let S be twist trivial. Then, 

u{dT.) < Mt(S). 

This lower bound is optimal in the sense that there exist twist triv¬ 
ial surfaces for which the equality holds. Baader and Dehornoy showed 
that a canonical Seifert surface S of a positive braid knot can be un¬ 
twisted by g ribbon twists where g is the genus of the surface f |BD13j L 
Furthermore, Rudolph showed that the unknotting number of posi¬ 
tive braid knots is not smaller than g ( |R,nd98j ). Thus, we know 
ut{T3) = g from Baader and Dehornoy, u{dT3) > g from Rudolph and 
u{dT3) < ut{T3) from the remark. This implies that u{dT3) = utiTk) = g. 

The proof of Theorem is basically an algorithm which untwists any 
canonical Seifert surface. Therefore, we can derive an upper bound of 
the untwisting number for canonical Seifert surfaces. 

Proof of Corollary\^ From the proof of Theorem we see that we need 
to analyze four cases for a type II free canonical Seifert surface. 

Case 1: 3k, / G {1,..., m} such that Bk, Bi are adjacent. 
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At most, one ribbon twist is required to make the signs of Bk, Bi un¬ 
equal. Then, if the Reidemeister II move leads to a new component we 
are done. In the other case, we need at most m — 2 ribbon twists to 
move one end of the new tube to its other end (Figure [I^. 

This results in at most m — 1 ribbon twists in order to remove two 
bands. 

Case 2: G {1,..., n} such that deg{Di) = 1 
No ribbon twist is required to remove one band. 

Case 3: 3i E {1,..., n} such that deg{Di) = 2 

If both bands connect to the same two discs then this is equivalent to 
case 1 because we remove two adjacent bands. 

If each band connects to a different disc, then we can remove two 
bands with at most one ribbon twist (Figure [l4|. 

This results in m — 1 ribbon twists in order to remove two bands in 
the worst case. 

Case 4: 3* G {1,..., n} such that deg{Di) = 3 

Let B{Di) = be the three attached bands. If all bands 

connect to the same disc then this is equivalent to case 1 because we 
remove two adjacent bands. Hence, we require at most m — 1 ribbon 
twists to remove two bands. 

If the bands connect two discs then we may need to slide away a group 
of bands (Figure [l5|). This may require two ribbon twists. Then, we 
are in the case of adjacent bands again. Therefore, we need at most 
m -|- 1 ribbon twists in order to remove two bands. 

If each band connects to a separate disc we can remove either one 
or three bands. If only one band can be removed (Figure 16b) then 
we need at most 2{m — 1) ribbon twists. This is because we need to 
change the sign of a band twice if the end of Bk is slid twice over this 
band. If all three bands can be removed (Figure [l6|) we need at most 
2(m — 2) ribbon twists to slide Bi to the opposite side of Di. This is 
because we never cross Bi itself nor Bm and we may cross bands twice. 
After Bi is slid to the opposite side of it may be twisted at most 
m — 2 times. To untwist Bi we need m — 2 ribbon twists. Finally, we 
need at most two ribbon twists to enable the rotation of Di. This adds 
up to at most 3(m — 2) -|- 2 ribbon twists to remove three bands. 

Therefore, the case where all bands connect to a different disc and 
only one band can be removed is the worst, with 2(m — 1) ribbon twists 
for one band. 

If there are m > 3 bands then the overall worst case is where 2(m —1) 
ribbon twists are needed to remove one band. If there are only m = 2 
we need obviously at most one ribbon twist. Hence, 2(m — 1) is also an 
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upper bound. In conclusion, for type II free canonical Seifert surfaces 


m—1 


m—1 


ut{E) < 2{m — i 


) = E»- 


i=l 2=1 

Lastly, the isotopy to remove all type II Seifert discs increases the 
number of half twisted bands at most by factor three. □ 
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